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Abstract—1In this paper we study the identification of AR
parameters in a biomedical signal corrupted by additive white
gaussian noise. The identification of AR parameter is treated as
a signal estimation problem, whose aim is to obtain an estimate
of the clean signal, given the noisy observations, and after that
to obtain the noise free AR parameters. The novelty of our
approach is the simultaneous estimation of AR parameter and
the model order of the AR process. This is done adopting a
Bayesian framework and using a special form for the prior of
AR parameters. To obtain the solution we use the Variational
Bayesian (VB) Framework. Simulation results have shown that
the proposed approach correctly identifies the model order of
AR process while at the same time produces an estimate for
the AR parameters.

I. INTRODUCTION

The autoregressive (AR) model can be used in a number
of applications such as linear predictive coding (LPC) of
speech, spectral estimation and biomedical signal processing
[1], [2]. When the signal is observed in noise the AR
parameters are biased and produce a smoother spectral
estimator. Several methods have been proposed to overcome
this difficulty. They include:

o Application of general ARMA estimators

« Filtering of data to reduce the observation noise

o Compensation of the AR parameters or the reflection
coefficients estimates for the biasing effect of noise

o Use a higher order for the AR model

Details on the above approaches can be found in [2] and
the references therein. The proposed method belongs to the
filtering approaches.

The first approach to estimate the AR parameters in a
noisy environment was proposed by Lim [3] for speech
enhancement. In this approach the noisy signal is modelled as
AR process corrupted by additive white Gaussian noise. An
iterative scheme is employed for the successive estimation of
the AR coefficients and the clean speech. A slightly different
approach for the estimation of the AR parameters is to use
the Kalman filter/smoother [4], where the noisy AR model is
written in a state-space form and after that the Kalman Filter
is used, in an EM algorithm, to estimate the noise-free signal
and the AR parameters [5]. The Kalman Filter replaces the
noncausal Wiener Filter of Lim approach with a Kalman
Smoother or a Kalman Filter in the case of a recursive
algorithm. However, all the above algorithms assumed that
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the model order of the AR process is known or estimated
separately from the AR parameters.

The model order selection is a difficult problem. To find
the model order of an AR process the MDL [2] or the
BIC criterion [6] can be used. However, this is a separate
process from the estimation of AR parameters and applied
after the estimation of AR coefficients for each model order.
In this work we propose a method where the AR parameters
and the model order are infered simultaneously. In [7] a
Bayesian approach for parameter estimation and model order
selection in an AR process is introduced based on the
Variational Bayesian Methodology. For model order selection
the negative free energy was used for each model order and
the maximum of negative free energy provides us the correct
model order. The above algorithm was applied in the AR
process without the presence of additive disturbing noise.
In [8] a Bayesian approach for time-varying AR process
based on Monte Carlo Markov Chain (MCMC) is studied.
However, the problem with the MCMC methods is that they
do not provide with closed form solutions and there is not
a global accepted measure to guarantee convergence of the
algorithm [9].

In this work we propose a Bayesian model for the esti-
mation of the AR parameters and the model order in the
presence of additive white gaussian noise. For the identi-
fication of the model parameters the Variational Bayesian
Framework is used. This results in an EM-like algorithm, in
the same spirit as the algorithms which uses a Wiener or
Kalman Filter i.e. first estimation of the noise - free signal
from noisy observations and after that identification of AR
parameters. To identify the correct model order we introduce
a special form of priors over the AR parameters. This form
of prior is called Automatic Relevance Determination (ARD)
[10] and it has been used extensively in machine learning.
In what follows we present the proposed algorithm. Next we
present simulation results which are compared with the Lim
approach [3]. Finally, conclusions and future directions are
discussed.

II. METHODOLOGY

Throughout this paper, the desired signal s(n) is repre-
sented by a p-th order proceSS'

s(n) = Za k) +e(n) (D
k=1
= a’s(n)+e(n), (2)
where a = [a(1)

a(2),---,a(p)] denotes the AR parameter
[

vector and s(n) ’: s(n - 1) s(n—2),---,s(n —p)] is the
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signal vector. The driving noise (or innovation noise) e(n) of
the AR model is assumed to be zero mean white Gaussian
noise with variance o2. Observations y(n) of the desired
signal s(n) may be contaminated according to:

y(n) = s(n) +v(n), 3)

where the disturbing noise v(n) is uncorrelated to s(n) and
is zero mean white Gaussian noise with variance o2 and n =
1,2,---, N, where N is the number of samples. Collecting
all the samples together in vector form we have for the AR
model:

s = Sa + e, 4)

where S is an Nxp matrix containing the past observations,
s is an Nx1 vector containing the current observations and
a = [a(1),a(2),---,a(p)] is the vector of AR coefficients.
Also, the above equation can be written as:

As=e, @)

where the matrix A is a Nx(p+1) matrix of AR coefficients
and s is the vector of the observations.
Similarly, for the observations we have:

y=s+vV. (6)

where y is the noisy observations, s the AR model obser-
vations and v the additive disturbing noise. If we know the
variance of the disturbing noise v, then we can obtain an
estimate of the AR coefficients using an EM-like algorithm.
In this algorithm, first an estimate of the desired signal s is
obtained from the noisy observations, y, with a Wiener filter.
Second, this estimate is fed to the Yule-Walker equations to
obtain an estimate for the AR coefficients and the variance
of the innovation noise, e. However, this approach presents
two difficulties: first, we must know the order of the AR
coefficients and second we must also know the variance of
the disturbing noise. One approach presented in [11] solves
the problem of knowing the variance of the disturbing noise
using a Bayesian approach based on the Bayesian Evidence
framework [10]. In this work, we present an algorithm where
both problems mentioned above are solved. The framework
we use is the Variational Bayesian Methodology [9].

The parameters of interest are 6 = [a, 02, 02]. From now,
we will use the inverse variances as parameters so the vector
of parameters is 6 = [a, A, \,], where A\, = U% and
Ae = o% To set up a Bayesian framework for our prc;blem,
we must define prior distributions over the parameters 6.
The disturbing noise, v, follows zero mean white gaussian
distribution with inverse variance A :

p(vIAv) = N(0,AJ'T). (7)

The innovation noise e follows zero mean gaussian distribu-
tion with inverse variance Ag:

pelhe) = N(0,A;'1). (8)

The crucial choice about prior is related to the AR param-
eters. We encode the preference for less complex model by

making the choice of a zero mean Gaussian distribution over
the AR parameters a:

P
plalw) = [[ N0, w; ), ©)
i=1
where w is a vector of p hyperparameters and w; is the
i-th component of the w. More specifically, there is an indi-
vidual hyperparameter associated independently with every
coefficient. To complete the specification of this hierarchical
prior, we must specify hyperpriors over the hyparameters w,
as well as the inverse variances, \¢ and \,. Suitable priors
over these quantities are Gamma distributions

=
2

I
i~

(w3 b, ¢), (10)
i=1
p()\e) = ()\e;b)\e7cx\e)) (1])
P(Av) = T(Aviba,,cn,), (12)
where )
1 z¢ T
F(z;b,c)zﬂ Tz exp(—g). (13)

where b and ¢ are parameters entering the Gamma distri-
bution. This formulation of prior of the AR coefficients
is known as Automatic Relevance Determination (ARD)
[10]. In the Variational Bayesian (VB) Framework we are
interested to maximize the marginal likelihood p(y). This
marginal likelihood can be bounded from below using the
Jensen’s inequality. In our formulation the noise-free signal s
are the hidden data and the parameters are 6 = [a, Ao, Ay, W].
The use of prior distribution for the AR coefficients in-
troduces the vector w of hyperparameters, which control
the order of the AR model. In the VB Framework we
want to approximate the true posterior p(x,6|y) with an
approximation distribution ¢(s, #), which is constrained to
have a separable form ¢(s,0) = ¢(0)q(s). The application
of the VB framework results in an iterative algorithm, under
the same spirit with the EM algorithm [12]. The solution for

q(0) and q(s) is:
" (s) o« exp<Inp(y,slf) >, ) (14)
g"(0) o p(0) exp < Inp(y,s|d) > 4041 ). (15)

Details on those solutions can be found in [9]. The above
equations give a general solution of our problem. Next we
obtain the specific solution for the hidden variables s and the
parameters 6. We assume that the prior distribution of param-
eters has the separable form p(0) = p(a|w)p(w)p(Av)p(Ae).
Now applying the VB Framework we obtain the following:

Q(S) = N(é,Cg), (16)

qlalw) = N(a,Ca), (17)
p

gow) = J[rCwibi,c), (18)
=1

ad(he) = T(leiba,ér), (19)

q()‘v) - F()\V7 b)\‘, 3 C)\v)7 (20)
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where
Cs = AWI+Ae< ATA >, )7 @1
§ = Cily, (22)
1
bi - s 37'*1727 D (23)
(5a2(i) + 7)
Ci = %+C77’ 1727 y D, (24)
UA}Z' - biCZ,Z - 1327 apa (25)
1
tb = =(aTa+Tr(C;STS) (26)
o X 1
+a’S”7Sa — 2a”'Ss) + —,
b,
. 1
by, = — 27
Mo i (27)
N
Cr, = 5 + Cags (28)
Xe DaoCres (29)
Ca = (ASTS+wl) ™, (30)
a \oCaSTs, (31)
. 1
by, = — — ; (32)
sy =8)T(y —8) + 5
N
G, = 5 + e, (33)
A = baéa, (34)

In the above the matrix I is the identity matrix having

dimension pxp. The matrix S is the matrix, S, of Eq. (4) but
the estimated signal § is used for its construction. Also, in the
simulation results which follow we approximate the matrix
< ATA > () With the matrix < AT >q(a)< A >4(a). The
matrix < A >, is the matrix of Eq. (5), where for
the construction we use the estimated AR coefficients. The
learning algorithm consists from equations (21)-(34). These
equations are applied iteratively.

IIT. RESULTS

The proposed methodology is evaluated and compared
with the method proposed in [3] using simulated data. Our
goal in twofold: first we want to obtain a good estimate for
the noise free signal s and second to obtain the true order
of the AR model. To measure how good is the estimate of
the signal s we use the total SNR output measure which is
defined as:

Zr]j;ol s? (n)
o [5(n) = $(n)2
where §(n) is the estimated signal and N is the number of
samples. While the results for the AR model order are given
numerically and visually. In our experiments we use two AR
models which have been chosen to represent spectra with
narrowband and broadband features. In all experiment, we
use uniformative priors by setting b = 10% and ¢ = 103 for
each of the Gamma priors. The initial value for the variance
of the noise is obtained as o2 = 1(y — Ya)T(y — Ya),
where Y is a matrix similar to matrix S, but is constructed

SNR = 10log;, , (35)

using the noisy observations. The vector & is the vector of
AR coefficients when we use the noisy observations as an AR
process. Both algorithms are stopped in 5 iterations, while
for the Lim’s approach we use the true variance of the noise
in the Wiener Filter.

A. Experiment 1

A 8192 point sequence was created using an AR model
with coefficients a = [1,—1.352,1.338,—0.662,0.240]
(broadband process). In order to allow initial transients to
die out, the first 7936 points have been discarded, and the
last 256 samples have been considered as an example of
a stationary AR process. In this process additive noise for
various SNR level has been added to obtain a noisy AR
process. For each method 100 realizations of the AR process
were obtained by computer simulation. The AR model order
used in Lim method [3] and the proposed approach was
a wrong model order p=20. The true model order is p=4.
To show the ability of our method to select the appropriate
model order we show the average of the 100 estimates of
the Hinton diagram [6] of AR coefficients for the case of
having noise 10dB. However, similar results are obtained in
the cases of other SNR levels. The Hinton diagram is shown
in Fig. la. In this diagram white indicates positive, black
negative and the area is proportional to magnitude. We can
observe that the use of ARD prior reduce the magnitude
of the coefficients larger than 4. From this visualization we
can conclude that the proposed approach suggests the model
order that must be used for the observations is equal to 4,
which is the true model order.

B. Experiment 2

A second experiment is performed using an AR model
with coefficients a = [1, —2.760, 3.809, —2.654, 0.924] (nar-
rowband process). We use the same conditions as in the
first experiment. The Hinton diagram for the AR coefficients
is shown in Fig. 1b. Again, we can observe that the AR
coefficients which correspond to an AR model with order
larger than 4 have small magnitude. Our method indicates
again model order equal to 4.

il W]
(a) broadband process

1L N |
(b) narrowband process
Fig. 1. Hinton diagrams for the broadband and narrowband processes
The average spectral estimator over 100 realizations ob-
tained for each method is shown in Fig. (2) for SNR=10dB.
We observe that for the narrowband process the two methods
are able to identify the two spectral peaks with high accuracy.
However, for the broadband process the Lim’s method [3]
present some oscillations due to the wrong model order used.
These oscillations were not observed in the proposed method
because our method is able to estimate the correct model
order. The results for SNR improvement are shown in Table I

for broadband and narrowband processes and for SNR values
0, 5, 10, 15 and 20 dB. We can see that the two methods
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Fig. 2. PSD for broadband and narrowband processes.
TABLE I

THE OBTAINED SNR MEASURE
SNRin || Broadband Narrowband

Our Method | Lim ][ Our Method | Lim
20 dB 19.5 20.1 || 22.6 21.9
15 dB 15.9 155 || 185 17.5
10 dB 11.6 11.1 13.6 13.8
5 dB 7.4 6.9 8.2 10.3
0 dB 2.1 2.6 2.6 6.6

present similar results except for SNR equals to 5 and 0
dB for the narrowband process. This inconsistency of our
method can be justified by the fact that the proposed method
estimates the variance of the disturbing noise while we use
the true variance in the Lim’s method [3].

IV. CONCLUSIONS

The AR model is a well known model with many applica-
tions in signal processing, and especially in the biomedical
signal processing [1]. In this work we present an iterative
algorithm for the estimation of the AR coefficients in noisy
observations. The algorithm consists of two general steps in

a similar way with other approaches described in [3], [11].
The first obtains an estimate of the noise-free signal, and
the second step, from this estimated signal obtains the AR
coefficients. Compared to [3] and [11], the novelty of our
method is the use of prior over the AR coefficients. We use
a special form of prior called ARD. This type of prior tends
to assign small values to parameters which are irrelevant to
our problem. The use of this prior lead us to a Bayesian
model for our problem. To obtain meaningful solutions in
closed form we use the VB Framework [9]. The application
of the VB Framework provide us with an iterative learning
algorithm. The results presented here using simulated data
indicate that the proposed approach gives the correct model
order while at the same time produces an estimate of the
noise free signal comparable to Lim’s approach [3]. The
estimation of the correct model order happens because the
ARD prior assigns small values to AR coefficients which are
irrelevant to the true AR model. In the future, we intend to
use a different model for the noise such as colored gaussian
noise and gaussian mixture distribution as well as a different
prior model for the AR coefficients.
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