
1

@BCL@6C13FE54.doc

Finite Element Modeling of LDL Transport in Carotid Artery Bifurcations
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Abstract— The Low Density Lipoprotein (LDL) 
accumulation is the major factor which affects atherosclerosis 
during its early stages. Endothelial permeability is also 
influenced by local wall shear stresses. This phenomenon 
increases the water and macromolecule transport from the 
artery lumen to the artery wall. This paper presents a 
computational model of LDL transport from the arterial 
lumen to the arterial wall. More specifically, we investigate the 
blood flow dependent LDL transfer in a carotid artery 
bifurcation. The blood flow is modeled using the Navier–
Stokes equations and the Darcy’s law is employed to study the 
transmural flow in the porous artery wall. The mass transfer 
problem is solved using the convection – diffusion equations. 
The combined fluid dynamics and mass transfer equations are 
based on volume flux and solute flux calculated using the 
Kedem – Katchalsky equations. The endothelial permeability 
and hydraulic conductivity depend on the shear stress. The 
numerical solution of the above equations is obtained using the 
finite element method. Our results confirm what the 
experimental studies report that LDL accumulation is 
achieved in artery regions where low shear stresses exist. In 
particular, in our model we observe elevated LDL aggregation 
in areas where the wall shear stress is lower than 2 Pa. Also the 
increase of LDL concentration occurs in a thin layer close to 
the artery wall at the outer parts of artery segments, which 
also agrees with the experimental observation. In addition, we 
concluded that shear stress affects the transport of 
macromolecules from the blood to the carotid artery wall.
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I. INTRODUCTION 

Atherosclerosis, a disease of the large arteries, is the 
primary cause of heart disease and stroke. In western
societies, it is the underlying cause of about 50% of all 
deaths [1]. The atherosclerotic plaque progression is 
associated with mechanical, biochemical and biological 
reactions. Blood flows in artery’s lumen and forces to 
arterial wall with effects to endothelial permeability, gene 
expression and arterial wall mechanics. Atherosclerotic 
lesions form mainly at specific arterial regions, where low 
Wall Shear Stress (WSS) occurs like branching, bifurcations 
and curvatures [2, 3]. Also, the blood consists of particles, 
cells or macromolecules like monocytes or Low Density 
Lipoproteins (LDL). LDL accumulation in the arterial wall 

is the initial stage of the atherosclerotic plaque formation. 
LDL’s permeability at endothelium is related to its size,
concentration, pressure and lesions on the endothelial 
membrane. As reported in experimental results the LDL 
accumulation occurs at regions where low WSS exists. 
Macromolecular transfer through the arterial endothelium 
may be performed through cellular junctions or via 
endocytosis and transcellular channels [4]. 

The prevention of the region where LDL is aggregated 
must be the primal focus to understanding the mechanism of 
atherosclerotic plaque initialization. Thecontinuous 
accumulation of lipoproteins in the intima of the artery wall 
causes gradually the development of a lipid core and the 
thickening of the arterial wall. The progressive development 
of the atherosclerotic plaque blocks the vessel and makes 
more difficult the blood flow. 

Previous studies include modeling of LDL transfer in 
arteries. Prosi et al. categorizes the transfer models at three 
main categories [5]. First the wall - free models, where the
artery wall is rigid and un-permeable to macromolecules. 
Second the lumen – wall models where the artery wall is 
modeled as one porous domain with homogenous transfer 
properties [6-8]. Finally, the multilayer models are more 
complicated and divide the artery wall to more than one 
layer [9]. 

In this study, we aim to modeling the shear dependent 
transport properties of LDL in carotid artery bifurcation. 
The artery wall is assumed to be one homogenous layer 
which LDL can penetrate. We choose to study the transport 
properties of lipoproteins to a lumen – wall model. The 
study of carotid atherosclerotic plaque is of high importance 
because probable rupture of this plaque may cause cerebral 
accident.

II. METHODS

In this study the artery wall is assumed to be one 
homogenous porous layer, the blood is assumed to be 
Newtonian and the flow laminar and incompressible. Navier 
– Stokes equations are employed to model blood flow and 
the Darcy’s Law is used to model the transmural flow in the 
artery wall. The mass transport properties of solute to the 
blood lumen and in the endothelium were modeled using 
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the Convection – Diffusion equation. Kedem – Katchalsky 
equations are employed to connect the fluid dynamics with 
the mass transfer dynamics [10].

A. Fluid Dynamics

To model the blood flow in artery lumen the Navier –
Stokes equations are used:
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where ul is the blood velocity in the lumen,�� is the dynamic 
viscosity, �! is the density of blood and pl is the pressure. 

The transmural velocity in the artery wall is described by 
Darcy’s Law, which is commonly used in the description of 
flow in porous media:
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where wu is the transmural velocity of the blood plasma in 

the artery wall, wp is the arterial wall pressure, p�P is the 

dynamic viscosity of plasma and w�N is the Darcian 
permeability coefficient in the artery wall.

B. Solute Dynamics

The transport of LDL in the artery lumen is described by 
the Convection – Diffusion equation:

0)( � ���’���˜�’ llll uccD , (5)

where lc is the LDL concentration in the blood, lu the 

blood velocity and lD is the Diffusivity of LDL in the 
lumen. 

To describe the LDL transport in the artery wall, one 
more term is needed at the Convection – Diffusion equation. 
This term is the reaction rate for the LDL in the arterial 
wall. The Convection – Diffusion – Reaction equation is:

wwwwlagww crucKcD � ���’���˜�’ )( , (6)

where cw is the LDL concentration in the endothelium, wu

is the transmural velocity, wD is the Diffusivity of solute in 

the artery wall. lagK is the solute lag coefficient for the 

LDL and wr is the consumption rate constant. 

C. Coupled Fluid – Solute Dynamics

The fluid dynamics is coupled with solute dynamics 
using the Kedem – Katchalsky equations which describe
solute transport in biological membranes.

)( �S�V �'���'� dpv pLJ , (7)
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where vJ is the transmural velocity and sJ is the solute 

flux through endothelium, pL is the hydraulic conductivity, 

p�' and �S�' are the pressure difference and the oncotic 
pressure difference across to endothelial membranes, 
respectively,c is the solute concentration, and d�V , f�V are 

the reflection coefficients.

D. Geometry and Boundary Conditions

A carotid artery bifurcation was chosen to describe the 
geometry for the mass transfer model. The lumen’s inlet
diameter is R = 7 mm. The thickness of the carotid artery 
walls is about 8 - 10% of the vessel diameter. Fig. 1 
presents the geometry of the carotid bifurcation model, Bl is 
lumen boundary and Bw is the artery wall boundary. In, out
and endrepresent inlet, outlet and endothelium boundaries, 
respectively.

In the inlet of the artery lumen (Bl,in) a fully parabolic 
steady velocity profile is assumed:
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where 0u = 0.24 m/s is the mean inlet velocity and r is the
radius of the lumen.

At Bl,end a transmural velocity from the lumen side to the 
arterial wall is computed according to

vll Jnu � �˜ , (10)

where lu is the normal vector of fluid subdomain and vJ is 
the transmural velocity.

The boundary conditions for the Darcy’s Law at Bw,in and 
Bw,out are assumed to be no flux. At the endothelium intima 
side a transmural velocity from the artery wall to the lumen 
is estimated as above:

vww Jnu � �˜ . (11)

Fig. 1 Geometry of the carotid bifurcation model.
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The boundary condition for solute dynamics at Bl,in is 
assumed to be constant LDL concentration. At Bl,out

convective flux is prescribed. Finally, at the endothelial 
membrane we deploy a solute flux from the artery lumen to 
the artery wall:

sllllll JncuncD � ���’�� . (12)
As above at boundaries Bw,in and Bw,out convective flux 

is assumed. At the adventitia layer constant concentration 
condition is assumed. At the endothelial membrane LDL 
flux from the artery wall to artery lumen is assumed:

swwwwww JncuncD � ���’�� . (13)
We employ Sun’s work [8] for the shear dependent 

transport properties. The relation of hydraulic conductivity 
with the wall shear stress is obtained by fitting the curve of 
Eq. (15) to experimental data [12]:

12519.012 10*1588.310*2077.0)( ������ ����� wwLp �W�W , (14)

where Lp is the hydraulic conductivity and �2w is the WSS. 
To solve the system of equations the Finite Element 

Method is employed. To reduce the computational time we 
first solve the fluid dynamics equations and second we 
solve for the solute dynamics. In the first case we use 42000 
quadrilateral elements. For the solute dynamics 302000 
quadrilateral elements are needed. 

III. RESULTS

The values used for the parameters involved in the model 
are shown in Table 1. The wall shear stress variations and 
LDL accumulation at the outer wall of the upper artery’s 
branch are shown in Fig. 2. Flow separation occurred at the 
region where the wall shear stress is starting to reduce at the 
beginning of the bifurcation, while flow re-attached at the 
region where the wall shear stress starts to increase.

Table 1 Parameter values used in the model [11-13]

Parameter Value Parameter Value

Mean inlet 
velocity

0.24 m/s Darcian 
permeability

1.2*10-13 m2

Blood 
density 

1050 Kg/m3 Pressure 
difference

70 mmHg

Lumen 
diffusivity

5*10-12 m2/s Solute lag 
coefficient

0.1486

Endothelial 
permeability 

2*10-10 m/s Initial LDL 
concentration

3.12 mol/m3

Wall 
diffusivity

8*10-13 m2/s Blood 
viscosity 

0.0035 Pa s

Solvent 
reflection 
coefficient

0.997 LDL 
degradation 
rate 

1.4*10-4

Fig. 2 Wall shear stress variation and LDL polarization along the upper 
outer artery wall: (a) wall shear stress distribution, (b) subendothelial LDL 

concentration, and (c) luminal LDL concentration.

As it is shown in Fig. 2 the concentration is related to
the wall shear stress. At the luminal surface of the 
endothelium, LDL concentration is decreased gradually 
with the shear stress variation. At the point L = 0.04 m the 
LDL penetrates the endothelium more easily (Fig. 2(c)). At 
the subendothelial side of the artery wall the LDL 
concentration is increased in the region where the wall shear 
stress is lower (L = 0.032 m, Fig. 2(b)). At the lower branch 
of the artery bifurcation the wall shear stress is decreased 
(from L = 0.0025 m to L = 0.043 m) and this affects the 
LDL polarization at the luminal side of the endothelium as 
it is shown in Figs. 3(a), (c). Also, in this region, the LDL 
concentration to the wall side of the endothelium increases 
from L = 0.0025 m to L = 0.035 m (Fig. 3(b)). The 
maximum increase of the macromolecule concentration 
appears at the separation and re-attachment points. The 
luminal normalized LDL concentration (c/c0) at the upper 
branch is reduced to 1.039. At the lower branch the luminal
normalized LDL concentration has two minima (1.041 and 
1.0425).
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Fig. 3 Wall shear stress variation and LDL polarization along the lower 
outer artery wall: (a) wall shear stress distribution, (b) subendothelial LDL 

concentration, and (c) luminal LDL concentration.

In both cases the lipoprotein concentration is larger than 
the initial value along the bifurcation creating a thin layer of 
lipids up to endothelial membrane. In these regions lipids 
penetrate the endothelium more easily and accumulate in 
the intima developing at later stages a lipid core, which is 
the initial stage of atherosclerotic plaque progression. In our 
simulation the maximal elevation of subendothelial LDL 
(cw/c0)  is 0.74 from 0.66 for the upper branch and 0.7 from 
0.652 for the lower branch. The results indicate that 
endothelium has high resistance to macromolecules. At the 
inner branches of the artery a small increase of the order of 
0.01 % is calculated confirming the experimental results 
which indicate that LDL accumulates at the outer branches.

IV. CONCLUSIONS

The LDL transport in a carotid artery bifurcation is 
studied using the Finite Element Method. The effects of 
wall shear stress are also studied. The model indicates that 
LDL accumulates near to endothelial membrane and 
especially in regions where the wall shear stress is low. 
Maximum concentration of the macromolecule appears at 
the separation point, which is in agreement with 
experimental data.

The attempt to localize and to recognize the high risk 
area in the carotid artery bifurcation is important since at 
this point the atherosclerotic plaque starts to develop. About 
10% of LDL macromolecules adhered to LDL - receptors to 
penetrate the artery wall. This number must also be counted 
in an LDL transfer study in the future. Also the model 
assumes that the blood flow is steady but the blood flow is 
pulsatile and may affect to LDL distribution. More realistic 
results can be obtained using 3D models. 
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